A new method is proposed to consider the propagation of seismic waves through a multilayered medium containing a layer in which there is a horizontal discontinuity in elastic parameters. This technique is based on the iterative solution of a system of singular integral equations and represents an extension of conventional matrix methods for multilayered elastic media. An alternative formulation based on the use of elastodynamic representation theorems is also presented since this displays more clearly the formal structure of the method.
Introduction
Over much of the Earth, both at depth and near the surface we have increasing evidence for the existence of lateral variations in elastic properties on both large and small distance scales. A particularly important region of such variation is the transition zone between the continental crustal regime and oceanic structures. Most of the work which has previously been done on seismic wave problems involving sharp horizontal changes in elastic properties have had this problem as their prime motivation.
A number of authors have tried to consider the passage of surface waves across highly simplified discontinuous structures, either analytically (Lapwood 1961 ; Knopoff & Hudson 1964; Kane & Spence 1963; Ma1 & Knopoff 1965; Viswanathan 1966) or numerically (Alterman & Loewanthal 1970; Ottaviani 1971 ). An attempt has also been made to use a variational method to consider surface wave transmission across a vertical discontinuity between two multi-layered quarter-spaces (Alsop 1966; McGarr & Alsop 1967) . The most successful method for this type of problem, so far, seems to be the use of the finite-element technique (Lysmer & Drake 1972) .
On a more local geological scale the existence of faults provides an additional reason for interest in the problems of horizontal discontinuities. A certain amount of work has been done on the diffraction of body waves by very simple (but mathematically tractable) geometries, e.g. a rigid half-plane in a uniform medium (Maue 1953; de Hoop 1958) or a liquid coupled rigid block on the surface of a uniform half-space (Fredricks 1961) . A slightly more realistic problem of diffraction by a thick plate has been considered for electromagnetic waves (Jones 1953) but not for seismic waves.
In this paper we propose a new method to consider the propagation of seismic waves through a multilayered medium containing a layer within which there is a step horizontal discontinuity in elastic parameters. The surface of discontinuity may be inclined to the vertical or be slightly rough. The technique is based on the use of matrix methods, closely related to those conventionally used for layered media problems, to deduce a set of singular integral equations which may then be solved iteratively. This method may, with only very slight modifications, be used for both body waves and surface waves. An alternative (but equivalent) formulation of this approach in terms of elastodynamic representation theorems is also given since this displays more clearly its formal structure.
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A horizontal discontinuity
We consider a multilayered medium with one ' layer ' containing an inclined fault of hade angle 8 (Fig. l) , i.e. we have a discontinuity in elastic properties across an inclined plane. The modifications introduced by considering a slightly rough interface are discussed in the Appendix A. We take the layers to be isotropic and the elastic properties within each layer (apart from the horizontal discontinuity) to vary only with the depth z, there may thus be substructure on the two sides of the fault plane. For simplicity we shall confine our attention to two-dimensional problems where all stresses and displacements are independent of the co-ordinate y. A harmonic timedependence of the form exp (-iot) will be assumed throughout though it will not usually be explicitly represented.
Consider now the layer, of depth H , containing the fault: we take the origin of the depth co-ordinate z to lie at the upper surface of the layer. At each point in the layer except on the fault itself, the equations of motion and the stress-strain relations may be combined to a form where derivatives with respect to z appear only on the left-hand side of the equations. In the case of a two-dimensional configuration the equations separate into two sets (see e.g. Kennett 1972a).
FIG. 1. Layered medium with one layer containing a horizontal discontinuity.
(a) Associated with P-SV waves The particular values of A, p , p will correspond to the local elastic properties.
(a) for P -S V waves (b) for SH waves
We define stress-displacement vectors
and these vectors have the convenient property that they are continuous across any interface perpendicular to the z axis (i.e. for any interface in horizontal stratification). The fault plane itself, within the layer, is described by the equation
(2 * 4) We now take partial Fourier transforms of the equations (2.1)-(2.2) in the domains x < z tan8, x > z tan8, i.e. on the two sides of the fault plane. We define the two types of partial transforms u+(k, z), u-(k, z ) of a function u(x, z ) by the following with similar relations for u-(k,z). On multiplying equations (2.1) and (2.2) by exp (-ikx) and integrating from x = z tan 8 to infinity with respect to x, i.e. to the right of the fault plane, we obtain, on using (2.6)-(2.7) If on the other hand we multiply equations (2.1) and (2.2) by exp (-ikx) and integrate up to x = z tan 8 from minus infinity, i.e. to the left of the fault plane, we now obtain, on using the analogues of (2.6) and (2.7)
where A _ , G -are of the same form as in (2.10) but now correspond to the elastic parameters I.-, p-, p -appropriate to x < z tan 8. We now consider the configuration at the fault plane itself (Fig. 2) ; we assume welded contact across the fault so that from the usual continuity conditions we require the stress vector and the displacement vector to be continuous across the interface.
We introduce T,,,, T,, T,, the components of the stress vector at the fault plane so that so that this vector will be continuous across the fault plane and planes parallel to it. Thus the vector J(x, z ) bears the same relation to the fault plane as the more conventional vector B(x, z) has to horizontal interfaces. We may simplify the expressions for the G vectors given in (2.8) and (2.9) by making use of the identities and These substitutions enable us to recognize that the G vectors are related to the J vectors introduced above by 
Formal solution
In the previous section we have established the basic equations for a layer containing an inclined fault, we now proceed to connect the equations deduced for the two sides of the fault plane. We shall consider a multilayered medium, with a layer containing a fault, bounded above and below by two uniform (but not necessarily identical) half spaces (Fig. 3) ; the modifications needed for a half space with layering underlain by a uniform half-space will be discussed below.
(a) Body w o e s
We now consider seismic waves incident upon the layer containing the horizontal discontinuity from outside, e.g. body waves from some external source. For horizontal positions well away from the position of the fault the disturbance introduced by the presence of the fault is expected to be fairly small. Thus for large negative x the stressdisplacement field B(x, z) should be closely that expected for a multilayered structure with a laterally uniform layer of properties A _ , p-, p-in 0 < z < H and for large positive x, B(x,z) will closely correspond to that with a laterally uniform layer of properties A+, p+, p + . There will, therefore, be a considerable difference in the behaviour of the stress-displacement field for x % 0 and x 4 0.
In order to take account of this difference we divide the multilayered medium into two parts, making use of the natural division at the fault plane and introducing vertical planes connecting with this above and below the layer containing the fault. The division is indicated by the chain dotted line in Fig. 3 ; we denote the region including x < 0 by 3-and the other by 99'. We now introduce two functions
with a similar definition for 0-. To allow for the differences mentioned above we assume that the total stress and displacement field B(x, z) in the multilayered medium may be written in the form where Bo(x, z) is a discontinuous trial field given by
B0(x,z) = B-'(x,z) @-(X,Z)+B+'(X,Z) O+(X,Z).
(3 * 3)
Here B+'(x,z) is the stress-displacement field which would be present if the layer
layer A_, p-, p -. Thus the Bo field represents a geometric type of approximation to the stress-displacement field. From the definition of the Bo field we see that it will completely take into account all waves propagating inwards, towards the layering, in the bounding uniform halfspaces. Hence we must require that the residual stress-displacement vector B' in these half spaces should correspond only to waves propagating outwards from the layering and this will be the boundary condition we need to impose on the equations we shall derive for B. In the case of a multilayered half-space B' must satisfy the usual boundary conditions of vanishing tangential and normal stresses at the free surface (i.e. zxZ = z , , = 0), and should consist only of outgoing waves in the underlying uniform half-space.
If we now reconsider the layer containing the horizontal discontinuity, we may use (2.17) for both the Bo and the residual B' parts of the stress-displacement field, so that we have the following equations for
where we have written Bo-for the partial transform of Bo(x,z). Similarly we find
Now the J vector was introduced because of its continuity properties across the fault plane and thus we require
In order to connect the two equations for the residual field B', ( 3 . 9 , and (3. 6)2, we now introduce a reference medium which will be left unsubscripted, such that
with the result that from the definition of C*(k, z) c+ = c + c , c-= c -c .
We note that a and c are sparse matrices, i.e. they have few non-zero elements. For two isotropic media, as we have assumed, on the two sides of the fault plane this reference medium will be transversely isotropic, but for small contrasts across the fault plane the reference medium will approximate to an isotropic medium of mean composition. On making substitutions of the form (3.7) and (3.8) the two equations for the partial transforms of the residual stressdisplacement field B become
Since the diffracted field is expected to be well behaved as x f 00 we may take the two equations (3.9) to hold in common on the real line in k-space, and thus adding them together we obtain above pu denotes that the Cauchy Principal value of the integral should be taken.
Thus we have deduced a differentio-integral equation for the residual part B' of the stress-displacement vector; using the continuity properties of the J-vect orderived above, (3.6), the equation has the form
This has a form somewhat reminiscent of the equations derived by the author for scattering by localized inhomogeneities (Kennett 1972a ), but differs through the singularity in the problem and the use of a discontinuous zeroth order wave field. As has been previously mentioned the method introduced above may be applied to laterally uniform layers when, of course, the reference medium becomes the true medium and a = c = 0. Hence in the laterally uniform layers the residual wave field satisfies
where xo is the horizontal position of the boundary between 9' and 9-. Since the stress-displacement vector B is continuous across planes z = const we are able to match up the B vectors at the margins of the layer containing the fault.
By performing an integration with respect to z on equation (3.12) we are able to convert it into an exact two-dimensional singular integral equation. We introduce here the propagator matrix P(k, z , zo), appropriate to the reference medium, which is defined as being the solution of (3.14) subject to the conditionP(k, zo, zo) = 1 (Gilbert & Backus 1966) . For a uniform layer the propagator reduces to a Haskell layer matrix. The integrated form of equation (3.12) may then be written as (cf. Kennett 1972a)
In the laterally uniform layers we again obtain, on integration, a source problem for the residual B field but of a somewhat simpler type (3 -1 6) this now depends only on the discontinuity in the trial wave field. These equations for B' may be connected using the continuity conditions across horizontal planes and are subject to the outgoing wave conditionin the bounding half-spaces, as discussed above.
In these two equations (3.15) and (3.16) we see that the residual wave field may be regarded as being generated by a combination of two types of source distribution. The first type depends on the discontinuity in the assumed trial wave field Bo across the boundary S between the regions B' and 9 -; this is present in every layer. The second type is only present in the layer containing the fault plane itself. This type depends on the contrast in elastic parameters across the fault plane and the residual stress-displacement field at that plane and throughout the layer. In each layer all these sources are introduced into a medium without any horizontal discontinuity.
For the layer containing the fault this is the ' fictitious ' reference medium. These sources, of course, are only present as a result of this form of analysis and have no physical existence.
The residual wave field generated by these virtual sources is such that when added to the trial field, the total stress-displacement field at any point will be the same as in the real situation with an inclined fault plane.
(b) Surface waves
If we consider waves incident from within the layer, e.g. surface waves in a half space, channel waves or interface waves we may again express the total stress-displacement field in the form (3.2), i.e. B(x, z) = Bo(x, z) + B'(x, z ) where as before Bo is a discontinuous trial field
however we adopt slightly different expressions for B+', B-O. For a wave of this type incident from x = -00 we anticipate that on interaction with the fault plane there will be partial reflection and transmission of the wave as well as mode conversion and conversion to body waves.
Though we may not know precisely (or even at all) the transmission and reflection coefficients at such a horizontal discontinuity, a reasonable guess will enable an improved result to be obtained in fewer iterations using the technique described in the next section. We therefore take, for example,
B_O(x,z) = exp(iK-x)b-(z,K-)+rexp(--iK-x)b-(z, -K-) (3.17)
where b-(z, K-) is the eigenfunction appropriate to frequency OJ with horizontal wave number IC-, for a structure containing a laterally uniform layer of properties 1, p-, pand r is a reflection coefficient. Similarly for the Bo field in 3 '
B+'(x, z) = t exp ( i~+ x ) b+(z, K+) (3.18)
where now b+(z, K+) is the eigenfunction for a structure including a laterally uniform layer A+, p+, p+ at the frequency w, and t is a transmission coefficient. With these substitutions the development given previously to derive the equations (3.15) and (3.16) for the residual wave field B can be carried over completely to this case.
The residual wave field
In the previous section we have derived the equations to be satisfied by the residual wave field, these are (3.15) for the layer containing the horizontal discontinuity and (3.16) in the uniform layers. We now propose an approach to the solution of these equations; we assume that we may express the residual wave field in the form which we shall see corresponds to an expansion in successive powers of the contrast in elastic properties across the fault plane. Although the problem is complicated the equations are linear and thus terms of this expansion are those which would be obtained by an iterative development on the equations (3.15) and (3.16). We have written (4.1) in this particular form to emphasize the distinction between the nature of the Bo' field and the B,,' for n 2 1.
The initial approximation to the residual field B,' is taken as satisfying Bo'(k, 4 = P(k, z, zo) Bo' (k, 20)
+ dy exp (-iky tan O)P(k, z, y ) C(k, y)[J-O-J , ' ] (4.2)
in the layer containing the fault plane [z, zo E (0, H)] and in the laterally uniform layering BOW, z2) = P(k, z2, z1) Bo'(k, ZI)
for [z,, z2 4 (0, H)] where xo is as before the horizontal position of the boundary between 52-and 9'. This part of the field has then the same formal structure in each layer. Source terms are introduced into each of the layers, depending solely on the mismatch in the trial wave fields Bo assumed in 9-and 52'. in the layer containing the horizontal discontinuity and this field may be extended into the uniform layering using B,'(k, z2) = P(k, 22, z1) B"'(k, z1).
(4 * 5)
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Thus the B,,' fields for n 2 1 have sources present only along the line of the fault plane itself, which depend on the contrast in elastic parameters across the fault plane;
and from the nature of the recursive scheme the B,,' field will depend on this contrast raised to the nth power. The recursive technique may be shown to generate a convergent sequence of residual field components B,,'. If we now add the equations (4.2) and (4.3) to the suite of equations of the form (4.4) and (4.5) for all n 2 1, we find that on using (4.1) we reproduce equations (3.15) and (3.16) and thus we have indeed found a solution for the residual wave field B'. The advantage of this particular form of solution is that we have only to solve a source problem in all the layers once, and then in each application of the recursive formulae we have only sources in the one layer containing the fault plane.
Since the total residual wavefield B must correspond to outgoing waves in the bounding half-spaces the separate components B,,' must also obey this condition, which has therefore to be applied to the sets of equations (4.2)-(4.3) and (4.4)- (4.5) above. We may achieve this by prescribing the form of each B , ' on the boundaries of these half spaces; the residual wave field in the half space may then be found by applying the appropriate equation (4.3) or (4.5) with a known form of each B,,' at the boundary. The presence of a line of sources extending to infinity in the bounding half spaces poses problems for the direct solution of equation (4.3) for the Bo' field.
However it is possible to circumvent these difficulties by a simple procedure which we shall describe at the end of this section.
If the contrast in elastic properties across the fault plane is fairly small there will only be a small mismatch between the trial wave fields in 9 ' and 52-. Under these conditions, for a range of horizontal wave numbers in the residual field, it will be a very good approximation to take Bo' to represent the whole residual field. The required condition that B,,'(n 2 1) should be negligible compared with Bo' is that where k is the horizontal wave number in the residual field, H is the thickness of the layer containing the fault plane and q is the larger of the reflection coefficients for P and S waves at normal incidence, for the media on the two sides of the fault plane. Note that this does not place a restriction on the wavenumbers in the incident field. This condition (4.6) may be interpreted as implying that the horizontal wavelength (A cosec 4 for a wave travelling at an angle 4 to the z axis) is required to be much larger than the length of the fault plane scaled by a factor depending on the contrast across the fault plane.
If Pmin is the smallest shear wave speed in any of the layers, a wave with k > a/&,,in will correspond to an inhomogeneous wave in all the layers. Thus the first approximation to the residual wave field will be adequate for far-field computations provided that the depth of the layer satisfies If the contrast in elastic properties across the fault plane is no longer small, less recursive calculations will have to be performed to achieve the same accuracy in the residual wave field for waves incident upon the layering at near normal incidence, for faults of small hade angle 8. In this configuration the assumed trial wave fields B-O, B+O are expected to provide quite a good approximation to the total wave field even fairly close to the fault plane. The method is best suited to small to moderate fault hade angles (0 < 45' ) since then the horizontal extent of the region containing the fault plane is not too large. For large hade angles the effect of the fault will be much more pronounced and many recursive calculations will be needed to obtain even a moderately good approximation to the total wave field. The usefulness of this method basically depends on the effectiveness of our guesses for the trial wave fields B-O in W -and B+' in W + , since this will determine the number of recursive calculations required.
We now return to the problem of calculating the Bo' field, the equations for which have source terms in each layer dependent only on the mismatch in the trial wave fields in W -and 9 1 ) ' .
The problems associated with these sources may be eliminated by considering the trial wave field Bo and the Bo' field together.
On introducing the substitutions (3.7)-(3.8) and proceeding as for the residual wave field we may show that in the layer containing the fault the trial wave field Bo satisfies, for z, zo 3) ). We define a new field to be the sum of the trial wave field Bo and Bo' &(x, Z) = B0(x, Z) + Bo'(x, z), (4.10) and to generate this a field, we find we have only to introduce sources along the line of the fault plane itself, and these only depend on the known field Bo. In the layer containing the horizontal discontinuity [z, zo E (0, H)]
whilst in the laterally uniform layering [zl, z2 4 (0, H)]
The solution may again be continued through the layering by using the continuity properties of the 9 field across horizontal interfaces. The source term in the layer containing the fault is not in fact quite as fearsome as it looks, since it may be alternatively written as
where 9 denotes the Fourier transform operation, this form may often be more convenient for calculation. Also the sparse nature of c(k, y)r equires that only the displacements in the horizontal plane (u for P-SV, t, for S H ) on the two sides of the fault plane need to be known.
The field d3 includes the waves incident on the layering, and using the linearity of equations (4.11) and (4.12) the solution may be obtained in two parts. The first corresponds to the effect of the propagation of the incident wave through a layering system including a layer with ' averaged ' properties in z E (0, H), and the second to the effect of the line of introduced sources depending on the nature of the trial wave field. If the thickness of the layer containing the fault and the contrast in elastic properties across it are such as to satisfy (4.7), the d3 field will represent a very good approximation to the total wave field. If these conditions are not satisfied, we may obtain Bo' for substitution into the recursive procedure by subtracting from d3 the known trial field Bo. The nature of the 8 field is considered further in Appendix B.
An alternative approach
In this section we consider an alternative approach to the problem of the interaction of seismic waves with a multilayered elastic medium, one ' layer ' of which contains a horizontal discontinuity in elastic parameters. The method we shall use here is based on elastodynamic representation theorems.
We consider the multilayered medium to be divided into two portions W-, W + by a surface S which includes the fault plane, across which the horizontal discontinuity occurs, but which may be extended to infinity in any convenient manner outside the layer containing the fault (Fig. 3) . We recall the definition of @+, 0-given in equation (3.1) and then applying the elastodynamic representation theorem (see e.g. Burridge & Knopoff 1964; Kennett 1972b) to the region 9 ' we have
where we have used the convention of summing over repeated suffices, cijSq+ are the elastic constants,$i body force components and Gmi+(4, x ) is a suitable Greens tensor for W ' . The unit normal vector n is taken as pointing outwards from W ' , i.e. into 9-. Similarly considering the region 9-where we have used the same unit vector n normal to S. We assume that the displacement in the whole medium may be written in the form
where the continuous trial wave field uo is to be constructed in the way suggested in Section 3. The two trial fields u+O, uWo now satisfy equations of the form (5.1) and (5.2), with the result that the equations to be satisfied by the residual wave field u' are, for 9E! + and for WWe make the assumption of welded contact across the fault plane so that the total stress and displacement fields are continuous across S. Because, for example, O(x) = 0 for x E $2-the two equations (5.4) and ( 5 . 5 ) can be added together to give an equation for u,'(x) valid for the whole medium. We now introduce a reference medium in a similar way to Section 3 and set and we also introduce a mean Greens tensor where the Gmi+, Gmi-are to be taken to be the Greens functions which would be obtained if the elastic properties in W ' , W -extended throughout the whole medium.
The differences in elastic constants xiis, will only be non-zero in the layer containing the fault, but this will not be true of gmi. Now from equations (5.4) and ( 5 . 5 ) we have that zijl' Gmi+ -zi; Gmi-and making use of the substitutions (5.6) and (5.7) we find J S where T, is the stress vector normal to the surface S. This expression for the residual field should be compared with equations (3.15) and (3.16) derived using the matrix method. Equation (5.9) may be solved by an iterative method, but although the solution will separate into two parts, one depending on the mismatch in the assumed trial wave field, and the other on the contrast in elastic parameters across the fault plane, both these parts are derived from virtual source contributions all along the surface S.
The main difference between the formulation in this section and that given previously is that here we use full Greens functions, rather than constructing them during the solution by carrying the wavefield through the layers by the use of matrix methods. The approach presented here probably shows more clearly the formal structure of the technique of discontinuous trial wave fields but is less useful for solving problems.
Discussion
In the previous sections we have described a method for handling the interaction of seismic waves with horizontal discontinuities in elastic properties. The most useful form of this approach represents an extension of the matrix methods used to handle wave propagation in laterally uniform media and is therefore in a computationally convenient form. Numerical calculations based on this method are in progress and will be presented in a subsequent paper.
A rough fault plane
Consider now a layer containing a rough horizontal discontinuity described by the equation x = f ( z ) (Fig. 4) . We assume that the media on the two sides of the fault plane are well matched so thatf'(z) exists and is the same on each side of the interface, and also thatf(z) is single valued. We define partial Fourier transforms with respect to x in the regions x < f(z), x > f ( z ) , i.e. to the left and right of the fault plane
Then proceeding as in Section 2 we arrive at the equations i f ( z )
where C, and J have the same form as in Section 2, but now these are local definitions defined in terms of the local hade angle
The effect of a rough interface on the form of the equations is therefore quite small and with the slight changes above we may carry through the analysis in the same way as before. The analogues of the expressions (4.2) and (4.4) for the components of the residual wave field in the layer containing the fault plane are, for Bo'(k, z)
Bo'(k, z) = P(k, z, ZO) no'@, zo) and for B,,'(k, z) (n 3 1) I + c(k, y ) [J,, --+ Jn -"I) .
The recursive development of the residual wave field may now be made as before.
The condition that the first part Bo' of the residual field should be an adequate approximation to the whole residual wave field is now where L is the total length of the fault plane. We now make a substitution of the form (3.7) for A_, A+ and (3.8) for C+, C-so that we obtain In a similar way to that described in Section 3 we may add these equations to obtain the following differentio-integral equation for the total field 
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In the laterally uniform layers the total field satisfies the simple homogeneous equation B ( k z2) = P(k, Z2,Zl) W k , Z l > (B7) and as usual we are able to match up the solutions by using the continuity properties of the total field B across horizontal interfaces.
In Sections 3 and 4 we have considered methods for constructing solutions to the equations (B6) and (B7) without having formally stated them; it is therefore instructive to consider, for example, the 33 field as an approximation to the total field B. We have previously made the assumption that we may write and have presented a method for calculating 1-(4.11)-(4.12) and a recursive system for finding the B,,' for n 2 1 (4.4)-(4.5). On comparing equations (4.1 1) and (B6) we see that the 1 field is generated by taking Bo instead of B inall except the fist term on the right-hand side of equation (B6). In other words this a field corresponds to a Born-type approximation taken to first order in the contrast across the fault plane, but differing from previous methods of this type (e.g. Kennett 1972a, b) by using a trial field which makes allowance for the presence of the fault, rather than the field which would obtain in the absence of the fault. The contributions to B derived from successive applications of the recursive scheme (4.4)-(4.5) provide the corrections to generate higher-order, Born-type approximations.
